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ABSTRACT: The combinatory partition function for a system of rodlike particles of diverse axis ratios mixed
with a quasispherical solvent has been derived by use of the model and elaboration of the procedure previously
employed for a binary system in which the solute is monodisperse. A single disorder parameter y = x sin
y,, where x is the axis ratio for solute particles of a given component and sin ¢, measures their average inclination
with respect to the axis of the domain, or phase, characterizes all solute components for which x > y. Components
with x < y are unoriented. Chemical potentials are given for the various components, and the basic relations
required for treatment of the equilibria between an isotropic and an anisotropic, or liquid crystalline, phase

are derived.

The thermodynamic properties of binary mixtures
consisting of a low molecular solvent and a monodisperse
rodlike solute can be treated according to the theory
presented a number of years ago.! Experiments on
equilibria between nematic liquid-crystalline phases and
a dilute isotropic phase in mixtures of «-helical poly-
peptides?® or of p-phenylene polyamides®® with suitable
solvents have confirmed the main predictions of that
theory, including the occurrence of triphasic equilibria
involving an isotropic and two anisotropic phases in
“endothermic” systems.*® Agreement between theory and
experiment appears to be semiquantitative. It seemed
appropriate therefore to adapt the theory to polydisperse
mixtures, such as are normally encountered in real systems.
The required extension of the theory is straightforward,
as we show in this paper.

Derivation of the Partition Function

The systems considered consist of mixtures of rodlike
particles differing in axis ratio x dispersed in a solvent. We
assume the rods to have identical diameters, their lengths
being variable. For simplicity, we take the solvent to be
isodiametric with its diameter equal to the (mean)
thickness of the rods. Hence, X vene = 1. A solute segment
is defined as the portion thereof having the same volume
as a molecule of solvent, and hence geometrically equiv-
alent to the latter. Thus, x is both the axis ratio and the
number of segments comprising the solute molecule.

We consider a liquid-crystalline domain, or phase, in
which the solute particles are preferentially oriented with
respect to the cylindrical axis of the domain. As we show,
the particles thus oriented may include only the larger
species for which x exceeds some lower bound, smaller
members of the distribution of species being randomly
distributed over solid angle.

Let solute molecule j with axis ratio x; be oriented at
an angle ; with respect to the axis of the dj main as shown
in Figure 1a. In order to implement the combinatory
analysis using a lattice scheme, we subdivide the molecule!
into y; = x; sin ¥; submolecules, as shown in Figure 1b, each
submolecule being aligned parallel to the domain axis. If
one of the axes of the cubic lattice is taken parallel to the
domain axis, then each submolecule occupies a sequence
of lattice sites parallel to this axis. The system as a whole
consists of submolecules confined to such rows, and the
problem simplifies to one of mixing submolecules and
vacancies (i.e., solvent molecules) in one dimension.!

The foregoing device, employed previously, is justified
by the consideration that the expectation of interferences
between segments of different molecules cannot be ma-

terially affected by this maneuver. It will be observed that
v, specifies simultaneously the departure of molecule j
from perfect alignment and the number of submolecules
into which it must be subdivided to conform with the
model.

Let the solute molecules, ny in number, be inserted
sequentially into the space subdivided into ng lattice sites.
Their locations are chosen at random, apart from the
requirement that occupation of a site by a segment is
exclusive. The orientation of each molecule j relative to
the domain axis is specified, however, by its “disorientation
index” y;.

After j - 1 molecules have been introduced in this
manner, the expected number of situations available to the
Jth solute molecule is

v, =
Jj-1 1 Jj-1
- x—yi
i no — Zl:xi Y ng - Xl:xi iYi
Ng — 2-X; ; -
( 0 ; L) o i1 -1
no— 2x + 2y

1 1

(1)

where x; and y; denote the axis ratio and disorientation,
respectively, of this molecule. The first factor, being the
number of vacancies, is the number of sites accessible to
the first segment of the first submolecule of molecule j.
On the assumption that the distribution of occupied sites
in a given row parallel to the domain axis is independent
of circumstances in neighboring rows, the expectation of
vacancy of a site required for the first segment of a suc-
ceeding submolecule is just the volume fraction of va-
cancies. This is the basis for the second factor in eq 1. If,
however, a given site is known to be vacant (and hence
established to be eligible for occupation by a segment) then
the site following it in the same row can only be occupied
by the initial segment of a submolecule; otherwise it must
be vacant. Hence, the conditional expectation of vacancy
is in this case the ratio of vacancies to the sum of vacancies
and submolecules. The last factor in eq 1 expresses this
“mole fraction™, and it is raised to the power expressing
the total number of segments in molecule j other than
those that are the initial ones of submolecules.
Consolidation of eq 1 gives

Jj-1
(no - ;x“)xj
131 = 1 (2)
[ng = X = 3] ¥ng
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Figure 1. (a) A rodlike particle of axis ratio x oriented at angle
¥ to the domain axis AA. (b) The model comprising y = x sin
¥ submolecules, each submolecule being parallel to the domain
axis AA.

Expressed for convenience in terms of factorials, this
becomes

Zx Nng - Z(xl vl
vy = (3)

-1
(ng - ;xi)![no - \‘;(xi = y)]ing¥t

with negligible error.
The combinatory part of the configuration partition
function for the mixture is given by!

Iy = IlIVijZy/nx’y! (4)
xy

where n,, is the number of molecules of axis ratio x and
disorientation index y, and w, is the solid angle occupied
by species of this designation relative to the solid angle
for y = 1, this being the state of reference. Substitution
of eq 3 in 4 yields

(no - ;(x, y)]‘Hw By /Ny
ZM = n (5)
(nO _ in)!no(Zﬂ?M)-nz
1

Replacement of ny with n; + ¥_,xn,, where n, and n, are
the numbers of molecules of solvent and of solute with axis
ratio x, yields

ZM =
(nl + Zyxnx)!

MinTeky /0, )
n!(IIn)(ny + Zxn,) Tt Ly [r Tt 3/ Myl

(6)

where vy, is the mean value of y for “x-mers”.

The last factor in eq 6 takes account of the dispersions
of orientations y, of the various species. As was shown
previously,' the approximation

nx!Iwazy/nx,y! ~ y, (7)

is satisfactory for y < x/2, which is the range of dominant
importance. Adoption of this approximation yields

(ny + Zyn) Iy,
Ing =~
M Y (ng + Tan,)SrsD) 8)

where the products and sums are over all values of x.
Introducing Stirling’s formula for the factorials, and
dismissing the attendant small error, we obtain
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-ln Zy = ny lnog + Zn, Inv, - (ny+ Xyn,) X

ny + Zyxnx 2
In nt s | 2nfln (xy,?) - (v, = D] (9)

where v; = ny/(n; + Y xn,) and v, = xn,/(n; + Y xn,) are
the volume fractions of solvent and of x-mer, respectively.
Equation 9 may be written alternatively as follows

-nZy=nlnv,+Xn,Inv, -
(n1+ anx)[l - UQ(1 - yn/xn)] In [1 - UZ(1 - yn/xn)] -
an[ln (xyxz) - (yx - 1)] (9’)

where v, = 3 v, is the volume fraction of all solute species,
and %, = > xn./3.n, and 3, = >_y.n./2_n, are the number
averages of x and .

If v, = 1 for all x, corresponding to perfect alignment
with respect to the domain axis, eq 9, and likewise eq ¥,
reduce to the ideal mixing law as required for mixing in
one dimension. In the opposite extreme of random ori-
entations of solute molecules, it is appropriate! to take y,
= x for all x. Equations 9 and 9’ then reduce to

2nmx—(x-1}-
=n, In x2 (10)

which is identical to the familiar expression for polymer
mixtures, apart from the disorientation entropy term. This
term, the last one in eq 10, replaces the usual lattice term
3> n, In (z — 1) where z is the coordination number of the
lattice. It follows directly from eq 7, which comprehends
a greater subdivision of solid angle than strict adherence
to the lattice admits. This difference compared to the
usual formulation is of no consequence in regard to results
deduced from the partition function, provided that the
same rendition is used consistently.

In the foregoing derivation of Zy; we have deliberately
disregarded noncombinatory contributions. These could
be acknowledged, if desired, by adding the usual term in
x which formally represents exchange interactions but may
include other contributions as well.%1° As we shall not call
upon such terms in this series of papers, they are omitted.

“-nZy=nnvi+2n,Inv, -

Equilibrium Disorder

Differentiating eq 9 or 9’ with respect to v, and equating
the result to zero, one obtains

exp(-2/y,) =1 - vyl -~ 9,/%,) (11)

This equation possesses two real solutions y provided that
the concentration v, and mean axis ratio %, are sufficiently
large. The lower of these solutions locates the maximum
in ZM'

According to eq 11 the value of y, that maximizes Zy,
i.e., the equilibrium value of v, is independent of x. Hence,
the subscript on y, may be dropped and eq 11 may be
replaced by

exp(-2/y) = 1 - v,(1 - 3,/%,) (12)

where y is the disorder parameter that characterizes
average orientations of all species for which x > y. For
smaller species, if any for which x < y are present, Zy
increases monotonically with y, up to its physical limit y,
= x. It follows that y, = x for such species. Ineq 12, y,
is the average for all solute species.

1t becomes necessary in general, therefore, to distinguish
two categories of solute species in mixtures for which eq
12 yields solutions y and which accordingly are anisotropic
at equilibrium. The first category comprises “aligned”
species with x > y and whose orientations are positively
correlated with the domain axis (denoted by AA in Figure
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1). The second includes “random” species with x < y, if
such are present. They are unoriented, their directions
being random. The former and latter will be distinguished
by subscripts A and R, respectively.

Let volume fractions and number average axis ratios be
defined as follows:

Usr = 2 Uy Uga = 2. U, (13)
x<y x>y
an = anx/znx (14)
=5y X<y
Eop = 2xn,/ 2n, (15)
x>y x>y
Then
Ug = Ugr + Uga (16)
Vo/ %, = Usr/Enr + Uoa/%rna (17)
and
Vo= (Xan, +yXn)/2n,
x<y x>y x=1
or
(Vn/Zp)vy = Uog + (¥ /&80 008 {18)

Substitution of eq 16 and 18 in eq 12 leads to the alter-
native relation

exp(-2/y) =1 - voal(l — ¥ /%) (12)

Thus, as was to be expected, the disorder parameter y
depends only on the concentration and average axis ratio
of those components that are mutually oriented. (This
equation may be derived directly by differentiation of eq
19 below.)

Constancy of y, = y for x > y does not denocte uniformity
of orientation of all species. On the contrary, the mean
angular disorientation ¥, for x-mers with x > yis ¢, = sin!
(¥/x) which decreases with increase in x. The universality
of y for all species x > y greatly facilitates analysis of
polydisperse systems, and this fact recommends y (rather
than ,) as a succinct measure of disorder, which char-
acterizes the anisotropic phase as a whole.

Strict adherence to the model from which the mixing
partition function has been derived would restrict y to
positive integral values. In particular, y < 1 would be
inadmissible inasmuch as y = 1 denotes perfect alignment
of the rodlike particles. The model is an idealization,
however, and its precepts should not necessarily be fol-
lowed literally. With this in mind, it is noteworthy that
the partition function as given by eq 9 and 9’, and all
results derived therefrom are continuous functions of y.
None exhibits a singularity in the range 0 < y < x. For
these reasons, treatment of v as a continuous (dependent)
variable seems justified in applications of the theory.

The validity of sanctioning values of y < 1 indicated by
eq 12, or eq 12/, under some circumstances!!!? is more
problematical. Values of y in this range cannot be justified
within the terms of the lattice model. On the other hand
the unnatural constraints implicit in this model are well
known. In the papers that follow,'*2 y usually is allowed
to assume any value y > 0 required by eq 12 or 12’
However, for those conditions giving ¥ < 1 results of al-
ternative calculations are presented, or cited, in which y
= 1 was taken as a lower bound.

Chemical Potentials

In consequence of the results of the preceding section,
it is expedient to recast eq 9’ for the combinatory partition
function as follows:
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“-InZy =nlnvy+ 2Zn, In (v,/x) - (ny + 2Zxn,) X
[1-0sa(l - y/%,0)] In {1 = voa(1 - y/%,0)] +
2lx~-Dn,-2ZnInx*-(Iny*-y+1)2n, (19)

x<y 1Sy x>y

The chemical potential of the solvent in an anisotropic
phase is given by
(w1 = " /RT = (3 1In Zy/on) 1y jngeq =
—(61In Zyi/on)rvingy —
(0 In Znm/ ¥ 1 v ingn, (6Y /)T, insieq
where {n,} denotes the set of mole numbers for all solute
components and the subscript eq signifies equilibrium

disorder. Since (4 In Zy/6y)T,vnyn, = O for the mixture
at its equilibrium degree of disorder y,

(- ) /RT == 1In ZM/anl)T,V,{nx},y (20)

Differentiation of eq 19 followed by substitution from eq
17 and 18 gives
(w1 = #ORT =1n (1 - vy) — In [1 - vya(1- y/%,0)] +

: Ugr(1 = 1/%,5) + vaaly ~ 1) /%,4 (21)

In this equation and those to follow y must be identified
with the lower (equilibrium) solution of eq 12 or 12'.
Substitution of eq 12’ in eq 21 yields the alternative ex-
pression
(w1~ w®)/RT =1In (1 -vy + 2/y + vr(1-1/%,5) +
voaly = 1) /%,a (22)
Expressions for the chemical potentials of solute
components derived similarly are, for x < y
(us = 1")r/RT = In (v, /%) + 2x/y —In x* +
ngR(l - 1/£nR) + xUQA(y - 1)/an (23)

and for x > y

(/J'x - .uxO)A/RT = In (Ux/x) +2-1In yZ +
xUR(1 = 1/%,5) + xvgaly ~ 1) /%,4 (24)

The chemical potentials for an ideal mixture, with
concentrations expressed in volume fractions, are given by

(,ul - #10)/RT = ln (1 - Uz) - ln [1 - 02(1 —l/fn)] (25)
(wy =10 /RT =1n (v, /x) ~In [1 - 01 - 1/%,)] (26)

Substitution of y = 1, vy = 0, and vy = v, in eq 21 yields
eq 25. The same substitutions in the antecedent to eq 23
(not included here) obtained directly through differen-
tiation of eq 19, without substitution from eq 12, yield eq
26.

The chemical potentials that follow from eq 10 for an
isotropic phase are

(y —w/RT=In(1-vy) + (1 -1/% v, (27)
(e = w0 /RT =1n (v, /x) + x(1 - 1/%,)v, - In x2  (28)

Phase Equilibria
At equilibrium between an isotropic and an anisotropic
phase
My = py (29a)
uy = u,/, forall x (29b)
where the anisotropic phase is distinguished by a super-
script prime. Substitution from eq 27 for u;, from eq 28

for u,, from eq 22 for u,’, and from eq 23 for u,’ gives for
x =<y

In[(1-vy)/(1-v)]=(1-1/%,)vs—-2/y-B (30)
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and

In (v,//v,) = x(1 -1/%,)vy — 2x/y — Bx (31)
where

B =uvr'(1 -1/%1) + 02a'(y - 1) /%0a”  (32)
Use of eq 24 for u,” when x > y gives
In v,/ /v) =x(1-1/%) v~ 2[1 +1n (x/y)] - Bx (33)

Substitution of eq 30 in 31 yields

U/ /o, = [(1=0) /(L =) = (v /u)*, x =y (34)

or

v, /v, = exp(={x), x =y (35)
where
f=-In[(1-v)/L-vdl=B+2/y-(1-1/%)v,
(36)

Similarly, substitution of eq 30 in 33 leads to
v /v, = (y/ex)exp(2/¥)(1 - vy) /(1 - v)]*, x>y

(37
or
v/ /v, = (v/ex)? exp(nx), x>y (38)
where
n=2/y-§{ (39)
n=(1-1/%)v,-B (40)

Defined in this manner, both {and  are positive. For v g’
<<uvyand (y - 1)/%,4" << 1,

n = Vg (41)
and eq 38 reduces to
v /v, = (v/ex)? exp(ugx), x>y (42)

If the anisotropic phase is taken to be ideal, as may be
appropriate when y < 1 according to eq 12 or 12/, then
substitution from eq 25 and 26 for the chemical potentials
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wi’ and u,/, respectively, in the equilibrium conditions
expressed by eq 29 yields

In[(1-vy)/(Q-vy)] =(1-1/%,)vy +
In[1-vy/(1-1/%,)] (43)

and
v, /v, = 271 - v/ (1 - 1/%,)] exp(n*x)  (44)
where
n* = (1-1/%,)v, (45)

Results of calculations of phase equilibria in polydisperse
systems are presented in the three following papers.!1-13
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ABSTRACT: Phase equilibria have been calculated for athermal, three-component systems comprising a
solvent with axis ratio x, = 1 and two solutes consisting of rodlike particles with axis ratios x, and xy, respectively,
equal to (40,20), (100,20), and (100,10). The small immiscibility gaps separating the isotropic (dilute) from
the anisotropic (more concentrated) phase in the respective two-component systems (1,a) and (1,b) are enlarged
by addition of the second solute component. The species a and b, with x, > xy, occur preferentially in the
anisotropic and isotropic phases, respectively. The component with axis ratio x, = 100 is virtually excluded
from the isotropic phase when the amount of the smaller component (xy, = 10 or 20) in the system is more
than a few percent of a. Triphasic equilibria are predicted for the systems x,,x, = 100,20 and 100,10.

In this paper we apply the relationships derived in the
one preceding! (referred to as 1) to systems consisting of
two rigid, rodlike solutes having unequal axis ratios, x, and
%y, and a solvent. As in 1, the breadths of the solute
molecules are taken to be the same and equal to the di-
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ameter of the isodiametric solvent. The systems are
considered to be athermal. The straightforward extensions
of the theory that would be required to take account of
exchange interactions upon mixing are deliberately dis-
regarded.
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